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Abstract. We show that the existence of a Fredholm element of the 
zero calculus of pseudodifferential operators on a compact manifold with 
boundary with a given elliptic symbol is determined, up to stability, by 
the vanishing of the Atiyah-Bott obstruction. It follows that, up to small 
deformations and stability, the same symbols have Fredholm realizations 
in the zero calculus, in the scattering calculus and in the transmission 
calculus of Boutet de Monvel. 
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Introduction 

Consider a compact manifold with boundary, X, or more generally a fi- 
bration 

(1) X M 

B 

with typical fibre X. To a symbol 

a € C°° (S* (M/B) ; horn {E, F)) 

for vector bundles E, F over M, one can associate, after a little 'preparation' 
various choices of families of pseudo differential operators with symbol a. In 
particular, we may consider operators of 'zero ' type in *g (M/B; E, F) or of 
'scattering' type in ty® c (M/B; E, F) , or of 'transmission' type in Boutet de 
Monvel's algebra (M/ B; E, F) . In these, and other, cases we can seek 
the conditions on a under which it has a realization, in the corresponding 
sense, which is Fredholm on the natural L 2 -spaces. The primary condi- 
tion is always symbolic ellipticity, that a" 1 £ C°° (S* (M/B) ; horn (F, E)) 
should exist. For the three 'quantization procedures' mentioned above such 
a Fredholm realization of an elliptic symbol exists if and only if the K-class 
associated to the symbol, in terms of absolute K-theory with compact sup- 
ports, lies in the image of the K-theory supported in the interior 

K c (T* (int (M) /B)) 3a^u(a) = [a] e K c (T* (M/B)) . 

This is established here for the zero calculus (as introduced in ^5], |15j ) by 
computing K-theory invariants of the algebra. For the scattering calculus it 
is shown in [21] and for the transmission case already in essence by Boutet 
de Monvel in (Sj (see the much more recent work by Melo, Nest, and Schrohe 
|17j and Melo, Schick, and Schrohe JH]); this in turn is an extension of the 
results of Atiyah and Bott [2]. 

The elements of the Lie algebra, V(X), of smooth vector fields on a 
compact manifold with boundary act on C°° (X). If < v £ C°° (X; f2) is a 
smooth density and d (V) £ C°° (X) is the divergence of V with respect to 
v then 

/ (Vu) ■ wv = / u ■ (—V + d (V) w) v + / nyu ■ wv' 

Jx Jx JdX 

where n v £ C°° (dX) is the normal component of V at dZ computed with re- 
spect to a density < v' € C°° (dX; £1) . Thus, in order to get an action of the 
associated enveloping algebra, one needs either to add boundary conditions, 
as in the transmission algebra, or restrict to elements V € Vb (X) C V (X) 
of the Lie algebra of vector fields tangent to the boundary for which ny = 0. 

Associated to Vb is an algebra of pseudodifferential operators ^ (X) con- 
taining the enveloping algebra Diff^ (X) D Vb (X) and acting continuously, 
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with adjoints, on C°° (X) . The same is true for various Lie subalgebras of 
Vb (X). Here we are most interested in the natural ones: 

VoPO = {V G V b (X) :V = xW,WE V(X)} 
' 2f V sc (X) = {V G V b (X) : V = xW, WeV h (X)} 

fixed in terms of a boundary defining function x G C°° (X) on which they 
do not depend. There are other interesting algebras which depend on some 
choice of, or the existence of, more structure. These include 

V cu (X) = {V G V b (X) : V ■ x G x 2 C°° (X)} 
V^-b (X) = {V G V b (X) : V ■ (X) C xC°° (X)} 

V/,- cu (x) = v cu (i)nv fb (x) 

V e (X) = {V G V {X) : V ■ 6 G x 2 C°° {X)} 

lb 

where dX — > Y is a fibration of the boundary, x G C°° (X) is a boundary 
defining function (on which for instance V cu depends) and 6 G C°° (X, A 1 ) 

is a real 1-form with 9 = ig X ^ non- vanishing. 

In all of these cases there is a well-defined algebra of pseudodifferential 
operators, denoted ^| {X), for the 'structures' S = b, 0, sc, cu, ^-b, ^-cu, 
9 which includes the corresponding enveloping algebra. 

Since the operators of order zero act on C°° (X) as a *-algebra and extend 
to bounded operators on 1? (X) the C*-closure exists 

W S CB(L 2 (X)) , 
so the K-theory of this, and related algebras, is defined. In all cases 

{x) = c°° {x 2 -,n R ) , 

the space of smoothing operators with kernels vanishing to infinite order at 
the boundary, is an ideal. It has closure /C, the ideal of compact operators 
and so leads to the sequence 

K — > W a (X) — > A° s (X) = W s (X) IK 

and the associated 6-term exact 'index sequence' in K-theory. 

It is also possible to construct a smooth version of K-theory, without pass- 
ing to the C*-closure, giving however the same result. In some cases this is a 
little delicate since these algebras may not admit the functional calculus, in 
particular this is the case for the 'regular singular' algebras corresponding to 
S = b, 0, t/j-b, 9. Nevertheless we may define a 'geometric' replacement for 
K\ (Ag) as in |24| . which we denote (X) and more generally fCg (M / B) 
in the case of a fibration Q and, as necessary, possessing fibrewise struc- 
ture S. This K-group is identified as the stable homotopy classes, up to 
bundle isomorphism, of the elliptic and Fredholm elements of the modules 
\Pg (M/B; E, F) acting between sections of vector bundles. The analytic 
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index for families then becomes a homomorphism 

K? s (M/B) ^ K (B) . 

Again in all the cases listed above (and others) there is a 'symbolically 
trivial' ideal 

which contains non-compact operators, and a corresponding smooth K- 
group, KP_ ooS (M/B), corresponding to Fredholm operators of the form 
Id +A, A 6 ^s°° (X) . The short exact sequence of algebras 

Vfr-oc {X) ^0 {x) _^ C oo [[p]] 

with image the star algebra for symbols in terms of a quantization map, 
induces a 6-term exact sequence in the smooth K-theory 

(3) JC^ocs (M/B) £° (M/B) K° (T* (M/B)) 



ij 1 



Kl (T* (M/B)) ^ K\ (M/B) fC^ (M/B) 

although it should be emphasized that we do not construct a general theory 
from which this follows. 

In terms of K-theory, the algebras again determine two extreme cases 
which we call the universal (for symbols) case and the geometric case, with 
all others 'intermediate'. The universal cases are characterized by the fact 
that the 6-term exact sequence above decouples into two short exact se- 
quences 

S universal KL^M/B) =Kj(Bxl), /3° = j3 l = 0. 

Theorem 1 (|24j. see Corollary 13.21 below) . The cusp and b structures are 
universal. 

The second extreme case is characterized by 
(4) 

S is geometric «4=> 
the 6-term exact sequence © reduces to the geometric sequence: 

Kl (T* (dM/B)) K° (T* (M/B) , T£ M (M/B)) > K° (T* (M/B)) 



Kl (T* (M/B)) - Kl (T* (M/B) , T* M (M/B)) < K° (T* (dM/B)) 

in which the connecting homomorphisms are geometric boundary maps (and 
the K-theory of manifolds with boundary is absolute) . 

Theorem 2 ( |24j for sc, Proposition I5..3I below for zero). The structures 
and sc are geometric. 
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This is the main technical result of this paper, it answers the question 
posed by the title for the zero calculus in the form: 

Proposition 3. An elliptic symbol a £ C°° (S* (M/B) ;hom(E,F)) has a 
realization as the symbol of a Fredholm element of (M/ B; E, F) if and 
only if for some N there exists 

aeC°° (T* (M/B); horn (E © C N , F © C*)) with 

a' 1 € C°° (T* (M/B); horn (F $)C N ,E(B C N )\ 

such that 

a © Id c jv = a is* (M/B) ■ 

In the universal case as opposed to the geometric cases there is no restric- 
tion on the symbol other than invertibility (hence the name). 

The 'intermediate' case S = ip-cu for ip a non-trivial fibration of the 
boundary (so both fibre and base having positive dimension) is discussed in 
|24j . Using an 'adiabatic limit' construction it will be shown in a subsequent 
paper that that there are natural isomorphisms 

/C^_ cu (M/B) (M/B) KJC B (C^ (M) , C (B)) 

where the KK-functor (linear over K(B)) is applied to the continuous func- 
tions on M which are fibre constant for i/j. The boundary maps for the 
6-term sequence then reduce to versions of the Atiyah-Singer index map for 
the fibration of the boundary. 

After briefly recalling the properties of the zero calculus in smooth K- 
theory is defined in and in we discuss the relation between the b and 
cusp calculi, both to review the universality, in the sense discussed above, 
of their K-theory and to establish the closely related issue of the (weak) 
contractibility of certain groups and semigroups. Then, in section SJ3J this 
contractibility is used to identify KP,^ (M/B) . The six term exact sequence 
and the identification of the group /C[J (M/B) is carried out in section In 
the final section the approach of Boutet de Monvel is reviewed and compared 
to the scattering and zero calculi. The analogue of Proposition El holds for 
the transmission algebra, and corresponds to the obstruction to the existence 
of local boundary conditions found by Atiyah and Bott, and we show that 
the various lifts to K° (T*M/B,Tg M M/B) are consistent, i.e., they yield 
the same index. 

1. Operators 

1.1. Zero calculus. The zero calculus was defined and developed in |13j . 
|15j , Jl] , JO] • In this section we briefly recall the definitions and particularly 
those facts about the reduced normal operator that we need below. 

The space of 0- vector fields is defined on any manifold with boundary by 
((2J). In local coordinates, x, Z\ where x is a boundary defining function, and 
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Z{ are coordinates along the boundary, Vb is locally spanned by xd x , xd Zi . 
Zero differential operators are elements of the enveloping algebra of Vo and 
therefore are locally of the form 

^ dj, a (x, z) {xd x ) j (xd z ) a 

j+\a\<k 

with arbitrary smooth coefficients. Such differential operators are contained 
in the algebra of zero pseudodifferential operators. In the references above 
the latter are identified as a space of conormal distributions on a suitable 
modification of the double space X 2 (the zero stretched double space Xq). 

The space of zero pseudodifferential operators of order k acting between 
sections of the vector bundles E and F is denoted, (X; E, F). There are 
two model operators. The first is the principal symbol which corresponds 
to the short exact sequence 

^Jp 1 {X; E, F) ^ *g {X; E, F) ^> C°° (S*X; horn (ir*E, vr*F) ® N k ) 

The second is the normal operator which models the behavior at the bound- 
ary and corresponds to a short exact sequence 

(1.1) x^t (X; E, F) -> (X; E, F) " *f nv (d/dX; E, f) . 

Here, G — ► dX is a fibration of compact manifolds which arises geomet- 
rically as the front face of the stretched double space; it is discussed more 
extensively below. The fibres are closed quarter spheres which combine to 
give a compactification of the bundle of (solvable) Lie groups over dX cor- 
responding to the (canonical) O-structure. The range space in p. 1)1 . which 
we characterize in more detail below, consists of distributional sections of a 
bundle over G which are smooth away from the identity section, where they 
have a classical conormal singularity, and which vanish to infinite order at 
the boundaries. The product is just the smooth family of convolution prod- 
ucts, on the fibres, with 'inv' standing for this invariant, i.e. convolution, 
product. 

These two symbol homomorphisms, taken together, are analogous to the 
principal symbol in the pseudodifferential calculus on a closed manifold. 
Thus, for instance, a pseudodifferential operator acting on the appropriate 
L 2 -space is compact precisely when both symbols vanish; it is Fredholm 
when both symbols are invertible. In the case of the convolution algebra 
on the solvable group, invertibility is in the sense of bounded operators on 
the natural Sobolev space and the inverse need not be of the same form. 
In preparation for other formulations of the normal operator we reinterpret 
the naturality of the zero structure and describe alternative constructions 
of the bundle of groups and ^ mY . 

1.2. Model zero structure. Let V be a real vector space of dimension n 
and suppose that L + C V is a half-line in the dual, so 

(1.2) 3 v' € V s.t. w' € L + w' = tv' for t > 0. 
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With V we may associate another vector space of the same dimension 

(1.3) V = L®V, L = R-L + . 

Thus, V can be identified as the space of linear vector fields on V (sums 
of products of linear functions and constant vector fields) where the linear 
coefficients are in L. As such it is a solvable Lie algebra, more precisely if 
we choose a decomposition of V = R x x IR™ _1 in which L + is spanned by x, 

the dual of the first factor, then V is spanned by 

(1.4) xd x , xd yi . 

The span of the second class of vector fields is a subspace of dimension n — 1 
which is well-defined as the center of the Lie algebra 

(1.5) W C V. 

The elements of V are clearly complete as vector fields on V so choosing 
a point p G V + , i.e. where L + > 0, then V + has a Lie group structure 
with identity p and Lie algebra V and this is the unique connected and 
simply connected group (up to isoomorphism) with this Lie algebra. The 
centre W integrates to a foliation of V + over (0, oo) which has an induced 
multiplicative structure coming from the short exact sequence of Lie groups 



(1-6) L°^G VM — (0,oo), 

i.e. G VL + is a semidirect product. Choosing a 'normal element' in V, 
complementary to W and acting on it as the identity through the Lie bracket^ 
fixes an image of (0, oo) in Gy^+ and hence identifies all the fibres with W 
as a vector space (rather than just an affine space). The compactification of 
Gy,L+ to G V L + , simply the radial compactification of the closure in V, gives 
a compact manifold independent of choices, since linear transformations 
preserving the boundary lift to be smooth on the compactification. 

Applying these constructions to fibres of the tangent bundle to X over 
the boundary, with L + being the positive part of the conormal line, gives 
a bundle of groups over dX. Note that the front face of the zero double 
space has interior isomorphic to the inward-point half of the tangent bundle 
to the boundary, with a canonical interior 'identity' section. Namely, the 
interior is canonically the inward-pointing part of the (projective) spherical 
normal bundle to the boundary of the diagonal. This consists of vectors 
(vr,vl), lifted from left and right, modulo those tangent to the boundary 
of the diagonal, which are of the form (v', v') where v' is tangent to the 
boundary and modulo the 1R + action. It follows that if N is inward pointing 
then (N, N) is a well-defined interior point of the front face. For this reason 
the bundle of group structures on the front face is well-defined. Note that 
to extend this natural identity point to an origin for each of the tangential 
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fibres it is only necessary to choose a global inward-pointing vector field N 
since then the points (tN,N), t > 0, become origins of the abelian fibres. 

1.3. Reduced normal operator, order — oo. To understand the struc- 
ture of the normal operator better we use the Fourier decomposition corre- 
sponding to the abelian fibres of the solvable Lie group to 'reduce' it to a 
parametrized family of operators on an interval. In the case of operators of 
order — oo this was carried out explicitly by Lauter, ^01 > who characterized 
the range of the homomorphism to this reduced normal operator. The nor- 
mal operator in Ql.l)) at each fibre takes values in <S([0, oo) s x My -1 ), the 
space of Schwartz functions on M. n with support in this half-space. The re- 
duced normal operator corresponds to Fourier transformation in Y, followed 
by the introduction of polar coordinates in the dual variable. The result 

(1.7) M(s, \r}\,rj) £ S{[0, oo) s x [0, oo) x §V.~ 2 ) 

vanishes to infinite order at s = and may be interpreted as the kernel of 
an operator on the \rj\ half-line. Namely we may identify (0, oo) x (0, oo) 
with the interior of 

(1.8) / b 2 = [/ 2 ;{(0,0)}], J =[0,1] 
by the map 

(1.9) (s, r) — (sr, r) G (0, oo) 2 — > ( - 

In terms of the variables s, \rj\, rj in 1)1.7)1 . M(s, \rj\, rj) is an arbitrary 
smooth function which decays rapidly with all derivatives as s — > 0, s — » oo 
and \rj\ — * oo, except that there is special behaviour at \rj\ = where it is, 
of course, a smooth function of r\ not just smooth in \rj\ and rj. 

Let 7r be the projection S*dX — ► dX, let (y, rj) denote a point in S*dX, 
and let (r, pb) £ [—1, 1] xR + be coordinates in the b, cu-double space (pi, = 
defines the b-front face). 

Proposition 1.1 (cf ^U], Prop. 4.4.1). The reduced normal operator de- 
fines an isomorphism of algebras 

(1.10) *£?(G/dX; E) Ran— (AT) C ^\l/S*dX; E) 

where ^^^'(X/S*dX;E) is the space of b-pseudodifferential operators of 
order —oo, on the compactified radial interval bundle, vanishing rapidly at 
the 'infinite' (cusp) end and Ran -00 (jV) is the subspace with the additional 
constraint that the Taylor series at the front face is of the form 




(1.11) 



a 
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1.4. Reduced normal operator, general order. In the general case of 
operators of integral order, the reduced normal operator is defined in the 
same way but takes values in the pseudo differential operators on the unit 
interval which localize to an element of the b-calculus near the left endpoint 
and to an element of the (weighted) cusp calculus near the right endpoint 
with parameters in the cosphere bundle of the boundary. Indeed, if A G 
{X), then near the boundary the kernel of A is given locally by 



JC A (t, U, r, y) 



3 i(U ^ +T ^a(r,y^,r])d^dr] 



for a symbol a G S r c 



tm-l. - 



on— 1 



). We obtain the reduced nor- 



mal operator by restricting to the zero front face (r = 0) and Fourier trans- 
forming in the horizontal directions. The kernel of the reduced normal 
operator (as a half-density) is given by 



(1.12) 



^Af(A) (y, m t, Pb) = / e lT? a (0, y, £, p b rj) d£ 



dfl 
Pb 



d.T 



This kernel defines, for fixed (y, rj), a b,c-operator on the interval X = [0, 1]. 

This family of b,c-operators has, in turn, three model operators, the in- 
terior symbol corresponding to the conormal singularity at the diagonal, an 
indicial family at the b-end, and a suspended family at the cusp end (see [T$| . 
|lb| respectively). The interior symbol is given at the point (u;u) G S*Z 
(=Xx{±l})by 

(1.13) b > c u (M (A) (y, n)) (n, u) = °a (A) (0, y; u, 0) 



as can be checked from (|1.12[) using the Taylor expansion of a (r, y, £, 77) in 
r\. The kernel of the operator restricted to the b-face is 

e iT *a(0,j/,£,0)de 

and Mellin transform in r produces the b-indicial family. 

For the behavior near the cusp end, we first introduce the new coordinate 

Pc 



Pb 



The operator is then defined for (r, p cu ) G [—1, 1] x [0, 1], and the 
cusp front face is obtained by blowing up the point (0,0). Lifting Af (A) to 
the blown-up space (introducing T = — ) and restricting to a neighborhood 



near the new front face and the diagonal, the kernel takes the form 



^Af(A)(y, v ) {s,T) = 



V Pen Pcu J 

Thus the restriction to the cusp front face has kernel 



d£ Pcu 
dp c 



dpc 



P 2 

rcu 



Pcu 



■dT 



■dT 



a (A) (0,^,77 )dti 
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and the cusp suspended family is given by 

7 CU (M(A) (y,r ] ))(0 = °a(A) (0,y,^ V ) ■ 

In this way, 

(1.14) M : * fc (X; E, F) — > p-*<cu (T/5*9X; £, F) . 

These operators act on the fibres of the radial part of the dual spaces to 
the abelian fibres in the compactified group. As in the smoothing case a 
key feature of the reduced normal operator is that the b-indicial family only 
depends on the parameters in dX and not on the fibre in S*dX. Although we 
do not give an explicit characterization of the range of (|1.14j) the following 
exact sequence suffices for our purposes. 

Proposition 1.2. The (full) b-symbol map on the range Ran fc (AT) of the 
reduced normal operator in (|1.14|) leads to a short exact sequence (with k' = 
k + V 



(1.15) 



PrpcuKZP/S*dX-E,F) 



Ran fc (A0-/ffc)N], 



where the image space consists of the formal power series in rj with the coef- 
ficient ofrj a being an arbitrary element of the space 1^ (Idx) of conormal 
distributions which are Schwartz at infinity and the null space is precisely 
the space of (b-)cusp operators of symbolic order — oo, vanishing to infinite 
order at the 'b-end' and of singularity order k at the cusp end (and in this 
sense arbitrary smooth sections of the bundle over S*dX). 

Proof. From the discussion above, the full b-indicial operator is given by the 
Taylor expansion of the kernel at p b = 0: 



^a(0,y^,p b r})dC 



(1.16) 



EE 

fc>0 \a\=k 



E 



e^D a a(0,y,£,0)^ 



rp k b 



e iT ^D a a(0,y^,0)dC 



(with rj G S*dX and r\ E T*dX) hence has the form described in the theo- 
rem. 

Conversely, any such formal power series can be asymptotically summed. 
Namely one can first get the symbol right, by taking Taylor series for the 
symbols, and then correcting the series for the smoothing terms. Thus the 
map is surjective. I.e., given K a € l k s (lax), we can find a(0,y,^,n) as 
in (|1.16|) such that 



f e iT ta(0,y,Z,ri)dfi~ £ JC a n a . 

jR i \a\>0 
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This condition only restricts the behavior of a near (0, y, £, 77), hence the 
vanishing of the full b-symbol does not restrict the possible cusp-symbols. 
Finally, an element of the null space has, by (|1.13j) . 6, c symbol vanishing to 
infinite order, and so is given by an (arbitrary) family in 

2. K-THEORY 

2.1. Smooth K-theory. We define K-theory groups of zero operators as 
smooth versions of the K-theory groups of the symbol algebra. Following 
[2i| Definition 2], set 

A) (M;E) = {(a (A) ,M(A)) : A G (M;E) Fredholm on L 2 } 

for a superbundle E = (F + ,F~) and then define ICq (M) to consist of the 
equivalence classes of elements of the union of the Aq (M; E) over E, where 
two elements are equivalent if there is a finite chain consisting of one of the 
the following three equivalence notions. First, 

(2.1) A) (M; E) 3 (a, N) ~ (a', N') G A (M; F) 

if there are bundle isomorphisms — > over M, that intertwine (a, N) 
and (a',N') . Secondly, 

(2.2) A) (M; E) 3 (a, N) ~ (a, n) G A (M; E) 

if there exists a homotopy of Fredholm operators At in ^q(M;E), with 
(a,N) = (a{A ),M{A )) and (a,iv) = (a (Ai) ,M {A x )) , and finally 

(2.3) A (M; E) B (a, N) ~ (a © Id F , N © hip) G 4 (M; E © F) 

where E F = (F + © F, F~ © F). Similarly, we define /Cq (M) as consisting 
of the equivalence classes of elements in the suspended space (corresponding 
to based loops) 

A), sus (M; F) = {s G C°° (R, A (Af; F)) : a (t) - Id E G 5(R; F)}, 

where F = (F, F) as a superbundle and the equivalence condition is a 
finite chain of relations (|2.1|) . (|2.2j) . ()2.3jl with bundle transformations and 
homotopies required to be the identity to infinite order at oo S R. 

Similarly, we define fC°_ ^ (M ) and /Ci^ (M) as the groups of the cor- 
responding equivalence classes of elements in 

(M; F) = {iV (Id +.A) : vl G ^q" 00 (M; F) , Id +4 Fredholm on L 2 }, 

and 

^-oo,o,su S (M;F) = {s G C°° (M, (M;F)) : s — Id G «S(R; 00 (X; F)} 

respectively. 
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2.2. K-theory sequence. From the compatibility of these two definitions 
and the standard definition of (absolute) K-theory with compact supports 
it follows directly that there is a sequence of maps 

(2.4) Kt^oiM/B) — » K^{M/B) — > K(T*(M/B)) 

which is shown below to be exact. 

2.3. C* K-theory. It is perhaps not immediately apparent that the defini- 
tions above lead to groups, but this follows from the approximation proper- 
ties discussed below. In fact these also show that )O (M/B) is the K-theory 
of the opposite parity of the C* closure of the algebra ^q(X) in L 2 (X). 
Since we do not use this below we omit the proof. 

3. Relation between b and cusp calculi 

In this section, we briefly review from [7], |21| the relations between the 
b and cusp calculi. We establish that the K-theory of the b-calculus is 
universal as described in the introduction. For later use, we show that the 
group of invertible elements in the b, c calculus of order — oo vanishing to 
infinite order at the cusp end form a contractible semigroup. 

Recall that, on any manifold with boundary, X, the Lie algebra of b- 
vector fields, Vb, consists of those vector fields tangent to the boundary and 
in terms of local coordinates x, z% (x a boundary defining function) near the 
boundary is spanned by xd x , d Zi . Similarly, for an admissible choice of x for 
the cusp structure, the Lie algebra of cusp vector fields, V cu (^0 is locally 
spanned by x 2 d x , d Zi . 

The (canonical) b-structure on a manifold with boundary X induces a 
cusp-structure on X, a manifold diffeomorphic to X but with the smooth 
structure enlarged to include the new boundary defining function 



Thus a function / is smooth on X if it is smooth in the interior and near 
the boundary is of the form 

f{r,Zi) = g (ilg (x) , z{) 

for some function g E C°° ([0, 1) x dX) . The identity map X — ► X is then 
smooth, corresponding to the natural inclusion 

C°° (X) — ► C°°{X) 

but in the opposite direction the identity map is not smooth. In this sense, 
X has 'more' smooth functions than X (although it is diffeomorphic to it, 
but not naturally so). Both the interiors and the boundaries of X and X 
are canonically identified - the manifolds only differ in the manner in which 
the boundary is attached (cf. [7j, [HI §2]). 
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Now i* lg (xd x ) = r 2 d r and indeed, t? lg V b (X) spans V CU {X) over C°°(X). 
The induced relation between b and cusp differential operators extends to 
a close relationship between the corresponding pseudo differential operators. 
In fact, the functor X — > X\ t (consisting of blowing-up all of the bound- 
ary faces logarithmically and then 'classically') takes the b-stretched double 
space of X to the cusp-stretched double space of X, preserving composition 
§2.5-2.6, (4.4), §4.6]. This leads to the following result, the first part of 
which is |201 Prop. 26]. The second part is just the observation that the 
lower order parts of the expansion of the kernel of an operator at the front 
face can be smoothly deformed away without changing the normal operator 
and preserving ellipticity. 

Proposition 3.1. i) The lift {(5f t )*^ s b {X) is a subcalculus of ^l u (X) 
with dense span over C°°(X). 
ii) Any fully elliptic element of ^ s CVl {X) is homotopic through fully el- 
liptic elements to an element in (Pf t )* ^ s b (X) . 

Corollary 3.2. The K-theory groups of the b and cusp calculi are naturally 
isomorphic, 

(M/B) - £* ^ (M/B) , Kl (M/B) - /C* u (M/B) ; 

since the cusp calculus is 'universal' |2l], so is the b- calculus. 

As in we set 

Gr°° (X;E) = {invertible elements of Id+^"°° (X;E)}, 

l ' K ' ' G s °° (X;E) = {invertible elements of Id-^ 00 (X;E)}, 

and then the images of the normal operators on G~^° (X; E) and G^°° {X; E) 
are the corresponding subgroups on which the index vanishes; they will be 
denoted 

Gs^ind=o (9X;E) , GJ~ d=0 (dX;E) 
respectively. An element of the former can be smoothly deformed to an 
element of the latter thanks to Proposition 13. llT ii^ . 

In particular for an interval, we will also need the case of a manifold with 
disconnected boundary, say 

dX = dX U dX x 

and the subgroup 00,00 (X; E) in G^°° (X; E) consisting of those opera- 
tors which are perturbations of the identity with kernels vanishing to infinite 
order at the corner dX\ x dX\. 

Corollary 3.3. The semigroups G b °° (X; E) and Q^ 00 ' 00 (X; E) are weakly 
contractible. 

Proof. The proof of |23l Lemma 1], that the sequence 

G~°° (X; E) — G-~ {X- E) G;™ md=Q (dX; E) 
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is a Serre fibration, produces a lift, h' t , of any family 

ht : l k — G & 7~ ind=0 £) [[*]], t G [0, 1] 

to G~^° (X;E) with the convenient property that I cu = ht. This con- 
struction does not make use of the group structure of G^ 00 (X; E) and so 
holds verbatim for the sequence 

(3.2) G-°o (X; £) G b 00 (X; £) G-~ =0 (dX; E) 

and for the restriction 

(3.3) G~°° (X; E) q-oo-oo {x . E) Gj oo d=o {dXo . E) 

when dX = dXpUdX!. 

Passage to X relates the two sequences by the commutative diagram 

G~°° {X- E) — (X; E) (0*5 *0 , 

i* i* i* 

G— (X; £) G b 00 (X; £) — ^ 0*! *0 

and both the top and bottom rows induce long exact sequences of ho- 
motopy groups. Since the left and right vertical arrows above are homo- 
topy equivalences, they induce isomorphisms of the corresponding homo- 
topy groups. The five lemma then shows that the middle vertical arrow is a 
weak homotopy equivalence between G^°° (X; E) and the contractible space 
G- u °° (X;E). Since G b °° (X;E) is dominated by a CW-space, the White- 
head lemma implies that i* is actually a homotopy equivalence and hence 
that G^°° (X;E) is contractible; we do not use this in the sequel. 

A similar argument shows the weak contractibility of q^ 00 ' -00 [X; E) . 

□ 



4. Fredholm perturbations of the identity 

In this section we identify the groups /Cl^ (M/B) with the topological 
K-theory groups of the cotangent bundle of the boundary. 

We quickly review the relevant definitions in terms of the groups defined 
in (|3.1|) . Recall that for any manifold, X, K 1 (X) can be realized as stable 
homotopy classes of maps into GL(iV) or more directly (see (231 Prop. 3]) 
in terms of a classifying space 

(4.1) K : (X)= lim [S; GL (TV)] = \x; G~°° (V; E) 

with V any manifold with boundary. Correspondingly (see p3, Prop. 4]) 
(4.2) 

K° (X) = Jim [X; C°° ((S\ l) ; (GL (N) , Id))] = [X; G£? (U; E)] , 
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with U any closed manifold of positive dimension. For a compact manifold 
with boundary these definitions give the absolute K-theory which we denote 
(somewhat unconventionally) in the same way. The compactly supported 
K-theory K C (Y) of a non-compact manifold (possibly with boundary) is 
defined in the same way, except that maps and homotopies are required to 
reduce to the constant map to the identity outside some compact subset of 
Y. 

Theorem 4.1. For any fibration with fibres which are compact manifolds 
with boundary there is a canonical isomorphism 

(4.3) Kl^o (M/B) — ► K* c (T*d{M/B)) . 

Proof. For simplicity of notation we first consider the case that there is 
only a single compact manifold with boundary, X. Given an element k £ 
JC^^siX), represented by Id+A with A G ^q°°(X;E) we proceed to 
associate to it an element r(n) E K[! (T*dX) . First, by adding the identity 
on a complementary bundle, we may stabilize E to C M for some large enough 
M without changing k. In fact k is determined by the normal operator of 
Id +A, and hence its reduced normal operator, Id +a. 

The condition that Id+^4 be Fredholm is equivalent to the invertibility 
(on L 2 ) of Id+a as a family of operators on an interval bundle over S*X. 
Proposition 11.11 characterizes the range of the reduced normal operator in 
the calculus of b-pseudodifferential operators of order — oo on the interval 
(and trivial at one end). Let us denote by 

(4.4) n-°°(X- E) C p%%£(I/SrdX; E) 

the semigroup of those elements which are invertible. Corollary 13.31 shows 
that the fibres of Tt~ oc (X;E) are weakly contractible after stabilization. 
Thus, any section of 7i~°°{X\E) is homotopic to the identity section after 
stabilization into Ti~°°(X; C M ) for sufficiently large M. In particular this is 
the case for a, so there exists a smooth curve 

(4.5) a' :[0,l] ^n-°°{X;C M ) 

such that a'(t) = a for t < e, a'(t) = Id for t > 1 — e 

for some e > 0. This is a family of b-pseudodifferential operators on a bundle 
of intervals over [0,1] x S*(dX) and of necessity the family of b-indicial 
families j(t) = I^a'ft)) is also invertible as a family of matrices. Thus 
associated with a' is a map 

(4.6) 7 G C°° {T*dX, G-™ ({0}, C M )) • 

Here we have used the fact from 1)1.10(1 that near t = the b-indicial family 
is independent of the fibre variables of S*(dX) and near t = 1 it is, by 
construction, equal to the identity. Thus, the variable t can be interpreted 
as a compactified radial variable for T*(dX) giving ()4.6() . 



16 



PIERRE ALBIN AND RICHARD MELROSE 



This defines the desired map 

(4.7) /C^o (X)3 K ^ [7] £ K c ° (T*dX) 

which is to say that the K-class defined by 7 depends only on k and not the 
intermediate choices. As in |25( Prop 5.19], the final class is independent of 
the trivialization of E and, since any two homotopies between sections of 
7i~°°(X; C M ) are themselves nomotopic after stabilization, it is independent 
of the choice of a' . Also, note that the product of two such elements Id +A, 
Id +B is mapped to the product in K[! (T*dM) since we can take the product 
of the homotopies. 

Now, it remains to show that (|4.7I) is an isomorphism. Surjectivity follows 
from the fact that every element in K®(T*dX) may be represented by a 
family ~f(t) which is of the form discussed above, so is an invertible family 
of indicial operators, independent of the fibre variables near t = 0. From 
Proposition II . II this may be quantized to an elliptic b,c operator of the form 
Id +a'(t) (with a! {t) trivial at the cusp end) reducing to the identity in 
t > 1 — e. The index bundle of such a family (see the discussion below) is 
trivial, hence it may be perturbed by a smoothing family (depending on 
all variables) to be invertible and this may be chosen to be in the range of 
the reduced normal operator for t < e. The result at t = is corresponds 
to a fully elliptic operator Id +A in the zero calculus and hence a class k 
mapping to the given 7. 

To see injectivity, consider a class n such that the construction above leads 
to a family (so for an appropriate choice of initial representative) which is 
homotopic to the identity, as a map on T*dX. Then after a small pertur- 
bation it can be arranged that this homotopy is a family of the form of 7, 
thus there is a 2-parameter family of indicial operators j(t, s) on [0, l] 2 with 
7 (t, 0) the indicial family and 7 (t, s) independent of the fibre variables for 
s < e and reducing to the identity if either s > 1 — e or t > 1 — e. Again 
from Proposition 11.11 there is no obstruction to 'quantizing' this to a family 
of reduced normal operators, for s < e and to a family of b,c operators with 
more general dependence on S*dX in s > e. Such a family a'(t,s) may be 
chosen to be the identity where 7 is the identity and to reduce to the original 
homotopy at s = 0. Now, as an elliptic family, it has a virtual index bundle 
over [0, l] 2 x S*dX. As a bundle this may be realized as the difference of 
the null and conull bundles for a'(t, s)(Id —IT) where II is a finite rank self- 
adjoint smoothing operator with range in C°°(T) and sufficiently large rank. 
It follows that the index bundle is trivial and that the family may be made 
invertible by a similar perturbation. At t = this gives a homotopy within 
the range of the reduced normal operator to the identity. Thus the class k 
is trivial. 

Although this proof is written out only in the case of a single manifold 
it is the dependence on the fibre variables in S*dX which is crucial and it 
carries over with only notational changes to the general setting of a fibration 
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((H). The argument for the odd K-groups involves only the addition of a 
parameter. □ 

5. Six term exact sequence 

We start out with a theorem very similar to |24[ Lemma 2.2] and to the 
Atiyah-Bott analysis of the index problem for boundary value problems j2j . 
We will exploit the similarity to 24 to identify a six-term exact sequence 
for the zero calculus with that of the scattering calculus. 

Theorem 5.1. For any fibration Q (with fibres modeled on a compact 
manifold with boundary) the smooth K-theory JCq(M/B) is represented by 
the Fredholm zero operators which are equal to the identity near the boundary 
and hence there is a natural isomorphism 

(5.1) K%(M/B) — K* C {T*{M/B)). 

Proof. Consider an element A € \Pq(M/.B;E) which is fully elliptic and 
hence represents an element of K.q(M/B). The reduced normal family of A 
is an invertible (on L 2 ) element of the b,c calculus on an interval bundle over 
S*{dM / B). The symbol of A, is a bundle isomorphism between E + and E~ 
over the zero cosphere bundle of the fibers of M/B. At the boundary, the 
inward normal fixes a section of this bundle so o~(A) at this section may be 
used to identify E + and E~ at, and hence near, the boundary. Thus, o~(A) 
may be taken to be the identity at this section. 

The indicial family at the b-front face, being invertible, then gives a sec- 
tion of the isomorphism bundle of the lift of E to the whole of the compact- 
ified normal bundle to the boundary. By construction this section is the 
identity at the inward-pointing end and is consistent with the symbol at the 
outward-pointing end. So we may deform (within the b,c-calculus, not a pri- 
ori within the range of the reduced normal operator) the b-indicial operator 
keeping the consistency with an elliptic symbol at the inward-pointing end 
until the b-indicial operator is the identity and the symbol is the identity 
near both inward- and outward-pointing normal sections. Now, from Propo- 
sition 11.21 this homotopy may realized in the image of the reduced normal 
operators of the zero calculus, so there is an elliptic curve At € ^q(M/B; E) 
with Aq = A and such that A\ has full b-indicial operator equal to the iden- 
tity. Initially this curve need not be fully elliptic, but the reduced normal 
family is fully elliptic. Again by standard index theory this can be modified 
to an invertible family, without change near t = 0, by adding a term of order 
— oo with support in the interior of the interval. 

So, after this initial homotopy we conclude that JCq(M/B) is represented 
by fully elliptic families A € ^q(M/B,K) where E + and E~ are identified 
near the boundary and with symbol which is the identity near both normal 
directions and with reduced normal family having full b-indicial family equal 
to the identity. Thus the reduced normal family is in fact a section over 



18 



PIERRE ALBIN AND RICHARD MELROSE 



S* (d(M I B)) of the bundle of groups with fibre the group 



(5.2) G->-°°(l;E) 

that is, trivial near the b-end. The results of |23| show that after stabilization 
this group is (weakly) contractible. Thus in fact the reduced normal section 
may be (after stabilization) contracted to the identity section. As above, 
this family may be lifted to a fully elliptic homotopy of A to a family which is 
the identity near the boundary and in particular has reduced normal family 
equal to the identity. 

Now the isomorphism (|5.1|) is just the usual Atiyah-Singer isomorphism 
for the symbol. □ 

Corollary 5.2. With the smooth K-theory of the zero calculus identified 
with the compactly supported K-theory of the fibre cotangent bundle of the 
interior of M, the analytic index factors through the Atiyah-Singer index 
map for the double 2M = MU M~ 



K° (M/B) 



K C (T* (M/B) , Tg M (M/B)) 



ind a 



K(B) 



incL 



K C (T* (2M/B)) 



K c (T* (2M/B) , T* (M~/B)) 

Proposition 5.3. The smooth K-theory groups of the zero calculus lead to 

the inner six term exact sequence 

(5.3) 

K° c (T*dM/B) - K° (T*M/B, T* 9M M/B) 



K»{M/B) 



' K\ (T*M/B) 



fC°o (M/B) 



ICh (M/B) 



K° c (T*M/B) . 



oo,0 



(M/B) 



K\ (T*M/B, Tq M M / B) K\ (T*dM/B) 



which is naturally isomorphic to the outer, geometric, sequence and thus the 
zero calculus is 'geometric ', in the sense of the introduction. 

Proof. That exactness of the inner diagram follows from the known exactness 
of the outer diagram and the commutativity of the whole, so it only remains 
to show the latter. 
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We can fit the maps from Theorems 14. II and 15.11 into the diagram 
/C° ^ (M/B) JC° (M/B) K° (T*M/B) 

= = — 

K Q C (T*dM/B) ^ K° (T*M/B, Tq M M / B) K° c (T*M/B) 

in which the right square clearly commutes. For the commutativity of the 
left hand square, note that the first map along the bottom is given by 

K° (T*dM/B) K Q C (T*M/B, T% M M/B) 

^ Kl{T* QM Ml$^^ 

where a is defined by interpreting Tq M M as a collar neighborhood of T*dM 
in T*M, and that the same collar neighborhood idea is used in the iden- 
tification of (M/B) and (T*M/B, Tg M M/B). Indeed, given a rep- 
resentative A of a class in /Cq (M/B), we found a homotopy of the normal 
operators starting at J\f (A) and ending at the identity. We can think of this 
homotopy as happening along a collar neighborhood by identifying it with 
T*dX x [0, 1] £ and using e as the homotopy variable. Finally, note that the 
identification of KP^ q (M/B) with (T*dM/B) was also by means of a 
homotopy (this time thinking of T*dM/B as S*dM/B x IR + and running 
the homotopy in M + ) and so we can see that the left square also commutes. 

The same arguments show the commutativity of the corresponding squares 
involving the odd K-theory groups. The two remaining squares, involving 
K c * (T*M/B) -> /C!_^ (M/B), commute by the definition of this map. □ 

Corollary 5.4. A family of operators in ^[j (M/B;~E) can be perturbed by 
a family of operators in ^q 00 (M/B;M) to be Fredholm if and only if its 
interior symbol is in 

ker (K° (T*M/B) -» K 1 (Tq M M / B)) , 

i.e. , if its Atiyah-Bott obstruction vanishes. In which case, after stabiliza- 
tion, there is a perturbation that makes it invertible. 

6. Relation to boundary value problems 

Finally we relate the various approaches to quantization mentioned in 
the introduction: the scattering calculus, the zero calculus, elliptic bound- 
ary value problems as discussed by Atiyah and Bott, and the transmission 
algebra of Boutet de Monvel. We will confine ourselves to relating the ap- 
proaches to the index problem, as a complete study of the relations between 
these various calculi is more involved. 
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6.1. Atiyah-Patodi-Singer versus local boundary conditions. We start 
by recalling the general context of elliptic boundary value problems, initially 
for a single differential operator of first order. See for instance the exposition 
for the case of a single Dirac operator in [3] . 

Given an elliptic first order operator P : C°° (X; E) — » C°° (X; F) on a 
compact manifold X with non-trivial boundary, its kernel is infinite dimen- 
sional and obtaining a Fredholm operator requires a restricition reducing 
this to a finite dimensional space. The Calderon projector of P is the or- 
thonormal projection onto the space of Cauchy data of P by 

CD (P) ={ s { dx :sG C°° (X; E),Ps = 0}. 

An elliptic boundary condition is a pseudodifferential operator of order zero 
taking values in some auxiliary bundle G, 

C°° {dX-E [ dx )^C°° (Y; G) , 
satisfying two conditions: 

i) H (s) (dX;E [q X ) ► H (s > (dX;G) has closed range for every s 

ii) Ran (a (R)) = Ran (a (R) a (Hp)) ^ Ran (a (Hp)) . 

Given an elliptic boundary condition the corresponding 'realization' of P, 
Pr, given by restricting P to 

Dom (P R ) = {se Dom (P) : R (s [ dx ) = 0} 

is a Fredholm operator [3J Thm 20.8, Prop. 18.16]. 

Two types of elliptic boundary conditions stand out. An elliptic condition 
is of generalized Atiyah-Patodi-Singer or APS type if R is an orthogonal 
projection with the same principal symbol as lip. APS type boundary 
conditions always exist, e.g., R = Hp. 

An elliptic boundary condition is local if a(R) is surjective. In this case, 
condition (i) above is automatic 'A:, Lemma 20.9]. The index of a local 
elliptic boundary problem only depends on the principal symbols of P and 
R. This is not true for general, e.g. APS type, elliptic boundary conditions. 

In |^2] and jllj . the relation between elliptic boundary conditions of 
APS type and Fredholm b-pseudodifferential operators was analysed, leading 
to 

Theorem 6.1 ( jllj. Theorem 1.1). Let 9p be a generalized Dirac-type op- 
erator on a manifold with boundary with boundary conditions of APS type, 
then there is a b-operator of order — oo, T, such that 5 + Ts$J (M; E) is 
a Fredholm operator with the same index as St- 

6.2. Atiyah-Bott obstruction. For a differential operator, P, of general 
degree, k, the Cauchy data involves the k — 1 normal jet bundle at the 
boundary. It is standard (e.g., 8, Chapter X], 3, §11.6]) to study this 
space by passing to the associated ordinary differential operator formed 
from the principal symbol. This is a family of ordinary differential operators, 
P y> rj, acting on half-lines and parameterized by the cosphere bundle of the 
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boundary. The ellipticity of P gives rise to a decomposition of the null space 
of the Pyfi 

M (v,v)= M ty,v)® M (v,v) 
where -M.^ ^ consists only of exponential polynomials involving e lXx with 
±Im (A) > respectively. A local boundary condition defines a bundle map 

/3 + : M + -> vr* (G) . 

and the Lopatinskii-Schapiro condition for ellipticity is that this map be an 
isomorphism. 

Atiyah and Bott pQ, [21 showed that the existence of elliptic boundary 
conditions, in the sense of Lopatinskii-Schaprio, for a given differential op- 
erator, P, is topologically obstructed in that the symbol of P is then in the 
kernel of the map 

K c (T*X) ^ K c {T* dx X) . 

The isomorphism (3 + then determines a lifting of [<r(P)] £ K c (T*X) to 
[a(P),a(R)]eK(T*X,T£ x X). 

6.3. Boutet de Monvel transmission algebra. Boutet de Monvel [H] 
constructed an algebra of pseudodifferential which includes the generalized 
inverses of Lopatinskii-Schapiro elliptic boundary problems. A general ele- 
ment of the algebra acts between bundles Ex, E 2 over X and bundles Fx, 
F2 over dX and is given by 

(P+ + G K\ C°°{X-Ex) C co (X;E 2 ) 

(6.1) A=\ : e — ► e 

\ T QJ C^idX-Fx) C°°{dX-F 2 ) 

where P is a pseudodifferential satisfying the transmission condition, P + is 
its action on C°°(X; Ex) by extension-as-zero and restriction, G is a 'singular 
Green operator', K and T are potential and trace operators, and Q is a 
pseudodifferential operator on the boundary. A differential operator P with 
local boundary condition can be realized as the operator 

<«> {n 2) 

in the Boutet de Monvel algebra. 

We will say that A is elliptic if P is elliptic and fully elliptic if A defines a 
Fredholm operator on the natural Sobolev spaces. The Lopatinski-Schapiro 
conditions on R are equivalent to asking that 1)6.2)) be fully elliptic. With 
each operator A as in 1)6.1)) is associated a 'boundary symbol' which is a 
family of operators of Wiener-Hopf type. Ellipticity of P implies that this 
family is Fredholm and its index bundle is isomorphic to A4 + pg. 35]. 
The operator A is fully elliptic if and only if it is elliptic and its boundary 
symbol is invertible. 

By Theorem 5.14], an elliptic pseudodifferential operator P satisfying 
the transmission condition has a realization as a Fredholm operator A if and 
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only if the Atiyah-Bott obstruction vanishes. Boutet de Monvel showed that 
any such fully elliptic operator is homotopic, through fully elliptic operators, 
to an element of the form 

'P'+ 
Q', 

where, moreover, P' + is equal to the identity in a neighborhood of the iden- 
tity. 

Melo, Schick, and Schrohe ^Bl> following work of Melo, Nest, and Schrohe 
|17j showed that the K-theory of the C*-closure of the symbol algebra in the 
Boutet de Monvel calculus, /C*, gives a short exact sequence 

K* [C (X)) -» /C* -» (T*X°) -» 

and the analytic index map factors through K* + \ (T*X°). 

Boutet de Monvel [SJ pg. 33] explicitly mentions an extension to families 
of operators, proving that there exists an elliptic Green system Ab (de- 
pending continuously on b G B) associated to P& if and only if j (P b + ) G 
K (S*dX x B) is the pull-back of a virtual bundle on dX x B. 

6.4. Relationship to scattering and zero calculi. The similarities be- 
tween the three calculi mentioned in the introduction is striking given the 
disparate motivations behind them. Whereas the Boutet de Monvel trans- 
mission algebra was constructed precisely to deal with boundary value prob- 
lems, the zero and scattering calculus serve to model certain asymptotically 
regular, non-compact manifolds which admit a smooth compactification to 
manifolds with boundary. The zero calculus is used to model asymptotically 
hyperbolic geometries and the scattering, asymptotically Euclidean. Never- 
theless, the relation between the fully elliptic elements of the calculi is very 
close. 

Theorem 6.2. For an element p€K c (T*X) the following are equivalent: 

(1) There is a fully elliptic element of the transmission algebra 

A = f P+ + ° G ^° tn {X; E, F) such that [a (P+)} 

(2) There is a fully elliptic element of the zero calculus 

P G ^ (X; E) such that [°a (P )] = P- 

(3) There is a fully elliptic element of the scattering calculus 

P sc G ^° sc (X; E) such that [ sc a (P sc )] = p. 

(4) The Atiyah-Bott obstruction of ' [p] vanishes, i.e., 

p G ker (K c (T*X) ^ K c (T* 9X X) 



p. 



Furthermore, each such realization determines a lift the class p to an 
element of K c (T*X, TqxX) , and the index is given by the Atiyah-Singer 
index theorem applied to the double of X. 



FREDHOLM REALIZATIONS 



23 



Proof. The equivalence of (1), (2), and (3) with (4) has already been es- 
tablished: for (1) this is Theorem 5.14 in 0, for (2) this follows from |24[ 
(6.12)], and for (3) this was established in Proposition 15.31 above. For each 
of these elements of K c (T*X) there are in fact many fully elliptic elements 
of each calculus with this fixed symbol. This is evident for the scattering 
calculus, and follows for Boutet de Monvel's calculus and the zero calcu- 
lus from the existence of a homotopy to an operator whose symbol is the 
identity near the boundary (the homotopy of the symbol restricted to the 
boundary cosphere bundle defines an extension of the symbol). 

The last part of the theorem follows from a version ^ Proposition 2.1]. 
Set 

Q (X, 8X) = 

{(a,P) G ISO s *x (E,F) x ISO B * dx (E, F) : a { s * dx = (3 [ s * dx } 
with distinguished subset 

Q* (X) = {a G ISO s *x (E, F) : a l s * 9X = Id}. 
Lemma 6.3. There exists a unique function 

Q (X, dX) A K° (T*X, T% X X) 

satisfying the following conditions: 

i) / (a, (3) = f (o/, (3 1 ) if (a, (3) and (a', /?') are homotopic in Q (X, dX) . 

ii) / ((a, (3) (a', (3'))=f (a, /?) + /(«', /?') 

iii) / (a, Id) = [a] if a G Q* (X). 

Proof. This follows directly from the analysis of the scattering case in |24| . 
Indeed, stable homotopy classes of elements in Q (X, dX) are precisely the 
classes in /Cg C , so the existence follows from the isomorphism 

JC° SC ^K° {T*X,T* dx X). 

Uniqueness follows from an argument of Atiyah. Any (a, (3) G Q (X, dX) 
is stably homotopic to an element in Q* (X) , i.e. , there is an element 
(a', Id) G Q* (X) with / (a', Id) = and a homotopy of (a, (3) (a', Id) to 
another (a", Id) G Q* (X) , hence 

f(a,(3) = /((a,/3)e(a',Id)) =/(a",Id) = [a"}. 

□ 
□ 

6.5. Differential operators. Given an local elliptic boundary value prob- 
lem of Lopatinskii-Schapiro type, (P, B) , it follows from the discussion above 
that there is a Fredholm zero operator with the same interior symbol and 
index. In fact, if P is a differential operator of order k, then x k P is an 
elliptic zero-differential operator whose interior symbol coincides with that 
of P (as pointed out in ^I])- It is also possible to give an explicit example 
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of a perturbation of order — oo to a fully elliptic operator corresponding to 
B. 

Theorem 6.4. Let (P, B) be a local, fully elliptic boundary value problem, 
then there exists an B G {X; E, F) such that x k P + B € (X; E, F) 

is fully elliptic operator with the same index as (P,B). 

Proof. By assumption, P is an elliptic differential operator between sections 
of E and F and B is a formal differential operator at the boundary between 
sections of E and G. The normal symbol of P can be used to identify E 
and F near the boundary, so we can assume that E ~ F near dX and that 
the normal symbol of P is the identity (for some choice of normal vector 
field). Then let p(xd x ,xff) and b(xd x ,xrj) be the model operators obtained 
from the principal symbols frozen at the boundary. We shall show that the 
Lopatinski-Schapiro condition is equivalent to the statement that if x( x ) is 
a cutoff near x = then for e > small enough 

(6.3) (b*g,X 2 (^)bf) 

is non-degenerate as a pairing between the null space of p and the null space 
of p* . From this it follows by continuity that the operator of order — oo in 
the b-calculus on [0, oo) 

(6.4) a = hb* X 2 (- £ )bh 

is such that p + a is invertible for small 6; here Is is an approximate identity. 
Then a is in the range of the reduced normal map and x m P+eA is Fredholm 
for small e > if 

(6.5) a{A) = a. 

To see the non-degeneracy of (|6.3|) observe that the Lopatinski-Schapiro 
condition is the condition that 

u ^b{d x ,rj)u\ x=Q 

is an isomorphism from the 1? null space of P(d x ,fj) to the fibre of the 
bundle G at the corresponding point. This in turn is equivalent to the non- 
degeneracy of the corresponding bilinear form on the product of the null 
space of p and of p* 

(6.6) (b*v,bu) G . 

The null space of p (d x , fj) is the same as that of p (xd x ,xrj) and the difference 
between (|6.3|) and (|6.6|) is that there is an integral in (|6.3f) . cut off by x an d 
with additional factors of x. It follows that (|6,3[) has an asymptotic expansion 
as e I with leading term (with power determined by the orders, i.e. , the 
powers of x) with coefficient just (|6.6j) . Thus, for small e the form ()6.3jl 
is indeed non-degenerate. Inserting the approximate identities as in (|6,4)1 
gives a bilinear form converging to the previous one as 5 — > so again this 
is non-degenerate, now for 5 > small enough. 
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The resulting operator a is then in the range of the reduced normal op- 
erator, e.g. its b-symbol is independent of rj. 

It follows that it' an is an isomorphism where tt and ir' are the projections 
onto the null space of p and that of p* . An element in the null space of the 
operator p + ea can be decomposed according to these projections, into u + v 
with u in the null space of p and v orthogonal to it. Then it must satisfy 

(6.7) (p + ea n )ui + eai 2 v = 0, a 2 \u + 022^ = 

where is the 2x2 decomposition of a with respect to these projections. 
By arrangement, 022 is invertible so this reduces to 

(6.8) (p + e(au ~ a^a^i a 2i)) u = 0. 

For e > this has no solutions, by the invertibility of p as a map from the 
orthocomplement of its null space to its range. Thus the reduced normal 
operator is invertible and hence the operator is P + eA Fredholm. 

Finally, recall from that the isomorphism (3 + , hence the quadratic form 
(|6.6|) . determines the index and indeed the lift of the K-class of a (P) from 
K (T*X) to K (T*X, T*dX). Thus the index of x k P + B is the same as that 
of (P,B). □ 
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